It is proved that a compact Kähler manifold whose Ricci tensor has two distinct constant non-negative eigenvalues is locally the product of two Kähler-Einstein manifolds. A stronger result is established for the case of Kähler surfaces. Irreducible Kähler manifolds with two distinct constant eigenvalues of the Ricci tensor are shown to exist in various situations: there are homogeneous examples of any complex dimension n ≥ 2, if one eigenvalue is negative and the other is positive or zero, and of any complex dimension n ≥ 3, if the two eigenvalues are negative; there are non-homogeneous examples of complex dimension 2, if one of the eigenvalues is zero. The problem of existence of Kähler metrics whose Ricci tensor has two distinct constant eigenvalues is related to the celebrated (still open) Goldberg conjecture [24] . Consequently, the irreducible homogeneous examples with negative eigenvalues give rise to complete Einstein strictly almost Kähler metrics of any even real dimension greater than 4.
Introduction
In this note we consider compact Kähler manifolds (M, g, J) whose Ricci tensor, Ric, (or rather the symmetric endomorphism corresponding to Ric via the metric) has two distinct constant eigenvalues. Since for Kähler manifolds the Ricci tensor is invariant under the action of J (i.e. it satisfies Ric(J·, J·) = Ric(·, ·)), each eigenvalue is of even multiplicity.
One source of motivation for studying such manifolds comes from a conjecture of Lichnerowicz concerning compact Kähler spin manifolds with least possible (compared to the scalar curvature) eigenvalue of the Dirac operator. It was shown by Kirchberg in 1990 that every eigenvalue λ of the Dirac operator on a compact Kähler spin manifold M of even complex dimension n satisfies
where s denotes the scalar curvature of M . The limiting case of this inequality is characterized by the existence of spinor fields satisfying a certain first order differential equation, and it was conjectured by Lichnerowicz that the Ricci tensor of such manifolds has to be parallel. In 1997, it was shown in [32] that the Ricci tensor of every limiting manifold for the above inequality has two constant eigenvalues, one positive with multiplicity n − 2 and one zero with multiplicity 2; after some more work, the conjecture was proved in [33] using Spin c geometry. Nevertheless, the general question whether the Ricci tensor of a compact Kähler manifold has to be parallel as soon as it has two non-negative constant eigenvalues was left open in [33] . A positive answer to this question is summarized in the following splitting theorem. Theorem 1. Let (M, g, J) be a compact Kähler manifold whose Ricci tensor has two distinct constant non-negative eigenvalues λ and µ. Then the universal cover of (M, g, J) is the product of two simply connected Kähler-Einstein manifolds of scalar curvatures λ and µ, respectively.
Note that local irreducible examples of Kähler manifolds with eigenvalues of the Ricci tensor equal to 0 and 1 are known to exist in complex dimension two, cf. [13] and [2, Remark 1(c) ]. Note also that the above result fails if one allows the Ricci tensor to have more than two different eigenvalues, as shown by the compact homogeneous Kähler manifolds (the generalized complex flag manifolds).
We also mention that Kähler metrics with constant eigenvalues of the Ricci tensor are related to different generalizations of Calabi's construction of Kähler metrics with constant scalar curvature [21] ; in this vein R. Bielawski recently proved [10] that the total space of the canonical bundle of any Kähler manifold with Ricci tensor having constant eigenvalues carries a Ricci-flat Kähler metric. Interesting new local examples actually appear when the underlying manifold is irreducible and non-homogeneous; moreover, the completeness of the Ricci-flat metric corresponds to the case when the underlying manifold is compact with positive constant eigenvalues of the Ricci tensor.
Another reason for studying Kähler manifolds with two distinct constant eigenvalues of the Ricci tensor came from an a priori unexpected link with a conjecture of Goldberg [24] , which states that any compact Einstein almost Kähler manifold is, in fact, Kähler-Einstein. This link is presented in the first part of the Section 2, while preparing the ground for the proof of Theorem 1. For any Kähler manifold (M, g, J) with Ricci tensor having two distinct constant eigenvalues, one can define another g-orthogonal almost complex structureJ , by changing the sign of the complex structure J on one of the eigenspaces of Ric. The new almost complex structureJ, which is not integrable in general, commutes with J and has a closed fundamental 2-form, i.e. (g,J ) gives rise to an almost Kähler structure on the manifold. Moreover, the integrability ofJ holds precisely when the Ricci tensor of g is parallel, or equivalently, when g is locally a product of two Kähler-Einstein metrics; see Lemma 1. Moreover, any Kähler structure (g, J) with Ricci tensor having two distinct constant eigenvalues either both positive, or both negative, determines (and is determined by) a certain Einstein almost Kähler structure ( g,J), see Corollary 1.
The proof of Theorem 1 is completed in Section 2. We show the integrability of the almost Kähler structure (g,J ) using essentially an integral formula found by Sekigawa in [41] , where he gave a partial affirmative answer to the Goldberg conjecture in the case of non-negative scalar curvature. However, in our situation a more detailed analysis is required to extract the conclusion, which we accomplish by making use of some Weitzenböck formulae elaborated in [12] .
In Section 3 we consider the homogeneous Kähler manifolds as an important class of Kähler manifolds with constant eigenvalues of the Ricci tensor. Theorem 1 implies the splitting of any compact homogeneous Kähler manifold having two distinct positive eigenvalues of the Ricci tensor (see Corollary 3); the splitting in the case when one of the eigenvalues is zero and the other one is positive was already known from the classical results [14, 34] .
On the other hand, according to the structure theorem for homogeneous Kähler manifolds [47, 18] , there are lots of irreducible examples, having eigenvalues of the Ricci tensor equal to (−1, +1), or to (−1, 0).
We finally exhibit irreducible (non-compact) homogeneous Kähler manifolds of any complex dimension n ≥ 3 having two distinct negative eigenvalues of the Ricci tensor. Our construction relies on an appropriate realization of a bounded homogeneous domain as a Siegel domain of type II; the metric is then invariant under the simply transitive action of a solvable group of affine transformations of the relevant Siegel domain.
By virtue of Corollary 1, any such homogeneous metric can be deformed to a Kähler-Einstein one which also admits a strictly almost Kähler structure. (Here and henceforth, strictly almost Kähler structure means that the corresponding almost complex structure is not integrable). We thus provide complete Einstein strictly almost Kähler manifolds of any even dimension greater than four. ( 
By contrast, it is easily seen that the symmetric spaces of compact type do not carry (even locally) orthogonal strictly almost Kähler structures, cf. [22] , [20] (see also Remark 2 below); the same is true for the real hyperbolic spaces [5, 36, 37] . It follows from a recent result of J. Armstrong [5] that the only irreducible non-compact Hermitian symmetric space of complex dimension 2, the complex hyperbolic space, does not admit (even locally) strictly almost Kähler structures commuting with the standard Kähler structure.
In the last part of the paper, we provide a stronger version of Theorem 1 for the case of compact Kähler manifolds of complex dimension 2.
Theorem 2. Let (M, g, J) be a compact Kähler surface whose Ricci tensor has two distinct constant eigenvalues. Then one of the following alternatives holds :
(i) (M, g, J) is locally symmetric, i.e. locally is the product of Riemann surfaces of distinct constant Gauss curvatures; (ii) if (M, g, J) is not as described in (i), then the eigenvalues of the Ricci tensor are both negative and (M, J) must be a minimal surface of general type with ample canonical bundle and with even and positive signature. Moreover, in this case, reversing the orientation, the manifold would admit a strictly almost Kähler Einstein metric.
The additional ingredients for the proof of Theorem 2 come from the classification results of Kähler surfaces and from consequences of the Seiberg-Witten theory. At this time, we do not know if the alternative (ii) may really hold. As pointed out, if it does, it also provides a counter-example to the 4-dimensional Goldberg conjecture.
Let us also note here that the compactness assumption in the Theorem 2 is essential: Complete (non-compact) examples are the non-symmetric homogeneous Kähler surfaces with Ricci tensor having eigenvalues (−1, +1) or (−1, 0), see respectively [43] and [28] . The case of eigenvalues (−1, 0) corresponds to the unique proper 3-symmetric space in four dimensions, also viewed as the Kähler "geometry" F 4 of [48] . Moreover, the constructions of [13] and [2] give further local examples of non-homogeneous Kähler surfaces with constant eigenvalues of the Ricci tensor; in all these examples one of the two eigenvalues of Ric is non-negative, therefore, by Theorem 2, none of them can be compactified.
Proof of Theorem 1
2.1. The commuting almost Kähler structure. The main idea of the proof of our results is to construct an almost Kähler structureJ on (M, g, J), which is compatible with g and commutes with J. Lemma 1. Let (M, g, J) be a Kähler manifold whose Ricci tensor has constant eigenvalues λ < µ. Denote by E λ and E µ the corresponding Jinvariant eigenspaces and define a g-orthogonal almost complex structurē J by settingJ |E λ = J |E λ ;J |Eµ = −J |Eµ . Then J andJ mutually commute and (g,J ) is an almost Kähler structure, i.e. the fundamental form Ω(·, ·) = g(J ·, ·) is symplectic. Moreover, (g,J ) is Kähler (i.e.J is integrable) if and only if (M, g) is locally product of two Kähler-Einstein manifolds of scalar curvatures λ and µ, respectively. Proof. Denote by Ω(·, ·) = g(J·, ·) the fundamental form of (g, J) and consider the (1,1)-forms α and β defined by
where pr λ (resp. pr µ ) denotes the orthogonal projection of the tangent bundle T M onto E λ (resp. E µ ). The Ricci form ρ(·, ·) = Ric(J·, ·) of (M, g, J) is then given by ρ = λα + µβ. As Ω = α + β and ρ are both closed (1,1)-forms, so are the 2-forms α and β. By the very definition ofJ, the fundamental form Ω(·, ·) = g(J ·, ·) is given by Ω = α − β, and hence is closed, i.e. (g,J , Ω) is an almost Kähler structure; it is Kähler as soon as the Ricci tensor is parallel (equivalently, α and β are parallel), i.e. when (M, g) is locally a product of two Kähler-Einstein manifolds with scalar curvatures λ and µ, respectively. 2 Remark 1. Note that the Ricci tensor of the almost Kähler structure (g,J , Ω) constructed in Lemma 1 isJ -invariant, i.e. is of type (1, 1) with respect tō J. In the compact case, almost Kähler structures whose Ricci tensor is of type (1, 1) are the critical points of the Hilbert functional, the integral of the scalar curvature, restricted to the set of all compatible metrics to Ω (cf. [11] ). Compatible Kähler metrics provide absolute maxima for the functional in this setting and it was a natural question [11] to ask if every critical metric is necessarily Kähler. The answer turns out to be negative in dimension greater than four [17] , while in four dimensions the problem is still open, as no examples of compact, non-Kähler, almost Kähler structures with Ricci tensor of type (1, 1) are known yet.
Let us consider for a moment the more general context of Kähler manifolds (M, g, J) which admit a commuting almost Kähler structureJ. Any gorthogonal almost complex structureJ which commutes with and differs from ±J gives rise to a g-orthogonal, J-invariant endomorphism Q = −J •J of T M such that Q 2 = Id | T M ; we thus define an orthogonal, J-invariant splitting of the tangent bundle T M
into the sum of the ±1-eigenspaces of Q, the (complex) sub-bundles E ± , respectively. As in the proof of Lemma 1, we consider the (1,1)-forms α and β, the restrictions of the fundamental form Ω of (g, J) to the spaces E + and E − , respectively. The fundamental forms Ω and Ω of (g, J) and (g,J ) are then given by Ω = α + β; Ω = α − β, proving that α and β are closed. Therefore, corresponding to any Kähler metric (g, J) admitting a commuting almost Kähler structureJ , we may consider a natural 1-parameter family g t of metrics having the same property (see [33] ):
where g | E + (resp. g | E − ) denotes the restriction of g to the eigenspaces E + (resp. to E − ).
Lemma 2. For any t, the metric g t is Kähler with respect to J, almost Kähler with respect toJ and has the same Ricci tensor as the metric g = g 1 .
Proof. The first statements follow from the fact that the fundamental form of (g t , J) (resp. (g t ,J )) is closed as being equal to α + tβ (resp. α − tβ), where α and β are constructed as above with respect to g = g 1 . For the last claim, note that the volume form of the metric g t is a constant multiple of the volume form of g = g 1 , so, from the local expression in complex coordinates, the Ricci forms of the Kähler structures (g t , J) and (g, J) coincide. 2
As for Kähler manifolds with distinct constant eigenvalues of the Ricci tensor, Lemma 2 shows that one can deform any given Kähler metric with constant eigenvalues of the Ricci tensor to one whose Ricci tensor has constant eigenvalues equal to −1, 0 or +1. In particular, we get Corollary 1. On a complex manifold (M, J) there is a one-to-one correspondence between Kähler metrics with Ricci tensor of constant eigenvalues λ < µ with λµ > 0 and Kähler-Einstein metrics g of scalar curvature 4λ carrying an orthogonal almost Kähler structureJ which commutes with and differs from ±J; in this correspondenceJ is compatible also with g and coincides (up to sign) with the almost Kähler structure defined in Lemma 1; moreover,J is integrable precisely when g (and g) is locally product of two Kähler-Einstein manifolds of scalar curvatures λ and µ, respectively.
Proof. Let (M, g, J) be a Kähler manifold with constant eigenvalues λ < µ of the Ricci tensor. By Lemma 1, g admits a negative almost Kähler structurē J such that E + = E λ , E − = E µ , where, we recall, E λ and E µ are the eigenspaces of Ric. ¿From the above Lemma, the metric g = g µ/λ obtained via (1) is Kähler-Einstein with scalar curvature 4λ. Conversely, starting from a Kähler-Einstein metric g of scalar curvature 4λ, endowed with a negative almost Kähler structureJ, the deformation (1) provides a Kähler metric g whose Ricci tensor has constant eigenvalues λ < µ, by putting g 1 = g and g = g λ/µ . In the latter case both g and g are compatible with the same negative almost Kähler structureJ; the common Ricci tensor of g and g is thenJ-invariant. Therefore,J coincides (up to sign) with the almost complex structure defined in Lemma 1. By Lemma 1 we conclude that the integrability ofJ is equivalent to g (hence also g) being locally a product of two Kähler-Einstein manifolds of scalar curvatures λ and µ, respectively. 2
2.2.
Curvature obstructions for existence of strictly almost Kähler structures. The proof of Theorem 1 will be derived by showing the integrability of the almost Kähler structure obtained in Corollary 1. To do this we first observe that existence of a strictly almost Kähler structure imposes several non-trivial relations between different U (n)-components of the curvature. Because the almost Kähler structure will take the center stage in what follows, we drop the bar-notation from the previous sub-section and will even forget for now that in our situation the manifold also admits a Kähler structure. Thus, let (M, g, J) be an almost Kähler manifold of (real) dimension 2n. We start by reviewing some necessary elements of almost Kähler geometry.
The almost complex structure J gives rise to a type decomposition of complex vectors and forms, and accordingly, of any complex tensor field; by convention, J acts on the cotangent bundle T * M by Ja(X) = a(−JX). We thus have a decomposition of the complexified cotangent bundle
and of the bundle of complex 2-forms
A similar decomposition holds for the complex bundle S 2 M ⊗C of symmetric 2-tensors. When considering real sections of Λ 2 M (resp. of S 2 M ), we prefer to introduce the super-scripts ′ and ′′ for denoting the projections to the real sub-bundles
stands for the real part of a given complex bundle with natural real structure). Thus, for any section ψ of Λ 2 M (resp. of S 2 M ) we have the splitting ψ = ψ ′ + ψ ′′ , where ψ ′ (·, ·) = 1 2 (ψ(·, ·) + ψ(J·, J·)) and ψ ′′ (·, ·) = 1 2 (ψ(·, ·) − ψ(J·, J·)).
is the corresponding section of
(We adopt a similar definition for the action of J on [[S 2,0 M ]]).
It is well known that the fundamental form Ω(·, ·) = g(J·, ·) of an almost Kähler structure is a real harmonic 2-form of type (1, 1), i.e. satisfies: Ω(J·, J·) = Ω(·, ·) , dΩ = 0 and δΩ = 0, where d and δ are the differential and co-differential operators acting on forms. Moreover, if ∇ is the Levi-Civita connection of g, then ∇Ω (which is identified with the Nijenhuis tensor of J) is a section of the real vector bundle
We first derive several consequences from the classical Weitzenböck formula for a 2-form ψ:
where: ∆ = dδ + δd denotes the Riemannian Laplace operator acting on 2-forms, ∇ * denotes the adjoint of ∇ with respect to g; Ric 0 = Ric − s 2n g is the traceless part of the Ricci tensor, s = trace(Ric) is the scalar curvature, Ψ is the skew-symmetric endomorphism of T M identified to ψ via the metric, and R and W are respectively the curvature tensor and the Weyl tensor, considered as endomorphisms of Λ 2 M or as sections of Λ 2 M ⊗ Λ 2 M , depending on the context.
Applying relation (2) to the (harmonic) fundamental form Ω of the almost Kähler structure (g, J), we obtain
Note that the Ricci tensor of a Kähler structure is J-invariant, but this is no longer true for an arbitrary almost Kähler structure. It will be thus useful to introduce the invariant and the anti-invariant parts of the Ricci tensor with respect to the almost complex structure J, Ric ′ and Ric ′′ , respectively. We also put ρ = J • Ric ′ to be the (1,1)-form corresponding the the J-invariant part of Ric, which will be called Ricci form of (M, g, J). For Kähler manifolds ρ is clearly equal to the image of Ω under the action of the curvature R, but this is not longer true for almost Kähler manifolds. In fact,
can be considered as a second (twisted) Ricci form of (M, g, J) which is not, in general, J-invariant (see e.g. [46] ). We will consequently denote by (ρ * ) ′ and (ρ * ) ′′ the corresponding 2-forms which are sections of the bundles Λ 1,1 R M and [[Λ 2,0 M ]], respectively. With these notations, formula (3) is a measure of the difference of the two types of Ricci forms on an almost Kähler manifold:
Taking the inner product with Ω of the relation (4) we obtain the difference of the two types of scalar curvature:
where, we recall s = trace(Ric) is the scalar curvature of g, and s * = 2 R(Ω), Ω is the so-called star-scalar curvature of the almost Kähler structure (g, J). Here and throughout the paper, the inner product induced by the metric g on various tensor bundles over the manifold will be denoted by , while the corresponding norm is denoted by | |; note that acting on 2-forms differs by a factor of 1/2 compared to when it acts on corresponding tensors or endomorphisms. In the present paper ∇Ω is viewed as a Λ 2 M -valued 1-form, while ∇J is considered as a section of (T * M ) ⊗2 ⊗ T M , etc.
Formulae (4) and (5) can be interpreted as "obstructions" for the (local) existence of a strictly almost Kähler structure J, compatible with a given metric g; see e.g. [5] . We derived these relations by using properties of the 2-jet of J (although eventually (5) depends on the 1-jet only), so that (4) and (5) are obstructions for the lifting of the 0-jet of J to the 2-jet.
Remark 2. In the vein of what was mentioned above one can easily derive local non-existence results of compatible strictly almost Kähler structures for certain Riemannian metrics: For example, if we denote by P the curvature type operator acting on Λ 2 M by
then, by (2) and (5), s − s * = P (Ω), Ω = −|∇Ω| 2 ≤ 0; this shows that Riemannian metrics for which P is semi-positive definite (equivalently, which are of non-negative isotropic curvature) do not admit even locally compatible strictly almost Kähler structures. This criterion of non-existence applies in particular to conformally flat manifolds of non-negative scalar curvature, or to the symmetric spaces of compact type; see [22, 20] .
In fact, there is even a more general identity than (4), due to Gray [25] , which could also be interpreted as an obstruction for the lifting of the 0-jet of J to the 2-jet: Starting from the splitting 
As for the component R ′′ , from its definition we have showing that
Thus, R ′′ is actually determined by the Weyl curvature of M . The next result provides a further obstruction, this time for the lift of the 3-jet of J to the 4-jet (see also [1] for more detailed discussion).
Proposition 1. For any almost Kähler structure (g, J, Ω) the following relation holds:
where the semi-positive (1,1)-form φ is given by φ(X, Y ) = ∇ JX Ω, ∇ Y Ω ; δ denotes the codifferential with respect to ∇, acting on 1-forms and 2-tensors.
Integrating (7), up to integration by parts of a couple of terms, we get precisely the formula obtained by Sekigawa [41, Proposition 3.2]; in particular we have:
Corollary 2. ([41]) For any compact almost Kähler manifold with J-invariant
Ricci tensor the following inequality holds:
where dV g = 1 n! Ω n is the volume form of g. Remark 3. As shown by Sekigawa, the above inequality gives an obstruction for the (global) existence of strictly almost Kähler structures, when the metric g is Einstein with non-negative scalar curvature. Indeed, in this case Ric ′′ = 0 and 2 ρ, φ = ρ, ∇ * ∇Ω = s 2n |∇Ω| 2 , so that, by (8) , ∇Ω = 0, i.e. J is necessarily Kähler. In dimension 4, other integrability results have been derived from (7); see e.g. [19] , [1] , [36] .
Proof of Proposition 1. We start from the identity 1 2 s * = Ω ⊗ Ω, R , which follows from the very definition of s * . (Note that on the bundle Λ 2 M ⊗ Λ 2 M the inner product induced by g differs now by a factor of 1/4 from the one induced on (T * M ) ⊗4 .) Applying the Laplacian to both sides of the above equality, we get 1 2 ∆s * = ∆ Ω ⊗ Ω, R
We next consider each of the terms appearing in the right-hand side of relation (9) . Since R is a symmetric endomorphism of Λ 2 M , the first term
= 4δ ρ * , ∇ · Ω .
Using again that R ∈ S 2 (Λ 2 M ), the second term can be written as
Since
From (4), we have
Taking these into account, we have
Thus from (11), (12) , (13), we obtain for the second term
To compute the last term, we start by writing the Weitzenböck formula for sections of Λ 2 M ⊗ Λ 2 M , applied to the curvature tensor R (see [12, Proposition 4.2] ):
The notations in the above relation follow the ones used by Bourguignon in [12] , namely:
• d ∇ and δ ∇ are the differential and the co-differential operators defined on the bundle of Λ 2 M -valued 2-forms using ∇; • ∧ denotes the Kulkarni-Nomizu product which allows us to consider any symmetric tensor S as an element S ∧ g of
A(e i , X, e j , Y )h(e i , e j );
• K(·) is 4 times the projection of (T * M ) ⊗4 onto Λ 2 M ⊗ Λ 2 M . Note that there is one important difference compared to the formula of Proposition 4.2 in [12] , namely the coefficient "2" that we have in front of the second term. That is needed because originally the formula in [12] was written for sections of (T * M ) ⊗2 ⊗ Λ 2 M and there is a difference of a factor of 2 in the definition of the compositionÂ •B compared to the composition in End(Λ 2 M ) used here.
Using (4), we obtain
From the definitions of K(
where for the last step we used Gray's relation (6) . Finally, we express the term
Further, a short computation gives
. Using this and the product rule for the differential several times, we eventually obtain
Summing up (18) , (16) , (17) and using (15) , we finally get the last term of the right hand-side of (9),
Using (10), (14) , (19) back in relation (9), we get the formula (7) claimed in the statement. 2
Proof of Theorem 1. We now turn back to the notation used in Sec. 2.1. Thus, (g, J, Ω) denote a compact Kähler manifold having two non-negative distinct constant eigenvalues 0 ≤ λ < µ of the Ricci tensor, while (g,J , Ω) is the almost Kähler structure constructed by Lemma 1; we shall also use the (1,1)-forms α and β introduced in Sec. 2.1, so that we have
where ρ andρ are the Ricci forms of (g, J) and (g,J ), respectively. For proving Theorem 1 it is enough to show thatJ is integrable (see Lemma 1), or equivalently, that ∇Ω = 0. The latter will be derived from the integral stated in Corollary 2 (see Remark 3).
Letφ(X, Y ) = ∇ JX Ω, ∇ Y Ω be the semi-positive definite (1,1)-form with respect toJ, defined in Proposition 1. By (20) and using the semi-positivity of the (1,1)-forms α andφ, we get
Since α, ∇Ω = 0 (because α and ∇Ω are of type (1, 1) and (2, 0) + (0, 2), respectively), we have
where in the last step we used that α = 1 2 (Ω + Ω) and Ω is parallel. Substituting into the inequality (21), we obtain
Since by assumption λ ≥ 0, the latter inequality shows that ρ,φ − ρ, ∇ * ∇Ω is an everywhere non-positive function and Corollary 2 then implies that ∇ * ∇Ω = 0; after multiplying by Ω we reach ∇Ω = 0. 2
Homogeneous Kähler manifolds
In this section we consider connected simply connected homogeneous Kähler manifolds (M, g, J), meaning that the group of all holomorphic isometries of (M, g, J) acts transitively. Note that for any such manifold the Ricci tensor, which is completely determined by an invariant volume form, coincides up to sign with the canonical Hermitian form of (M, g, J) [27] ; in particular Ric has constant eigenvalues with respect to the metric g.
Any homogeneous Kähler manifold admits a holomorphic fibering over a homogeneous bounded domain whose fiber, with the induced Kähler structure, is isomorphic to a direct product of a flat homogeneous Kähler manifold and a simply connected compact homogeneous Kähler manifold; cf. [23] , [18] . In this structure theorem an important role plays the Ricci tensor whose kernel corresponds to the flat factor [34] ; thus, when the Ricci tensor is non-negative, the manifold splits as the product of a flat homogeneous manifold (corresponding to the kernel of Ric) and a compact homogeneous Kähler manifold (and thus having positive Ricci form), see [14] . As for the case of compact homogeneous manifolds, Theorem 1 implies
Corollary 3. A compact homogeneous Kähler manifold is either Kähler-Einstein, or else the Ricci tensor has at least three distinct eigenvalues.
Of course, the above corollary can be easily derived from the classification of the compact homogeneous Kähler manifolds, see e.g. [51] .
Considering non-trivial fibrations over bounded homogeneous domains we obtain lots of examples of homogeneous Kähler manifolds with two distinct eigenvalues λ < 0, µ ≥ 0 (for explicit examples in complex dimension 2 see e.g. [43, 13, 2] ).
We are now going to provide (non-compact) simply connected irreducible homogeneous Kähler manifolds (M, g, J) having two distinct eigenvalues λ < µ < 0 of the Ricci tensor. According to Corollary 1 these would also provide complete examples of Einstein strictly almost Kähler manifolds.
Since Ric is negatively definite, (M, J) must be holomorphically equivalent to bounded homogeneous domain; see [42, 35, 34] . It is a result of Vinberg, Gindikin and Piatetskii-Shapiro [47] that any such domain has a realization as a Siegel domain of type II, i.e. a domain D = {(z, w) ∈ C n × C m : Imz − H(w, w) ∈ C}, where C is an open convex cone (containing no lines) in R n and H : C m × C m → C n is a Hermitian map which is C-positive in the sense that
If m = 0, then D = R n + iC, i.e. we obtain a Siegel domain of type I (called also a tube domain).
Any Siegel domain admits a simply transitive action of a solvable subgroup S of affine transformations of D, so that, fixing a point p ∈ D, we can identify S with D. Then, the complex structure J and Bergman metricg on D pull back to define a canonical left-invariant Kähler-Einstein structure (g, J) on S. Our purpose is to show the existence of other left-invariant Kähler metrics, g, on S, whose Ricci tensor has two distinct eigenvalues. The construction is purely algebraic and relies on the theory of normal jalgebras, see e.g. [23] , [47] .
The (real) Lie algebra s of S is equipped with a scalar product (coming fromg) and with a a vector space endomorphism j (coming from J). This shows that s has the structure of a normal j-algebra, meaning that there exists a 1-form ω with ω([X, Y ]) = X, Y for any X, Y ∈ s, cf. [39] . (Abstractly, a normal j-algebra (s, j, ω) is a real Lie algebra s endowed with an endomorphism j and a 1-form ω satisfying certain compatibility relations; corresponding to any such algebra there exists a bounded homogeneous domain defining s as above.) A result of Piatetskii-Shapiro [39] (see also [15] ) describes the structure of the root spaces of s: Letting n = [s, s], the orthogonal complement a of n in (s, ) is a commutative sub-algebra and n can be represented as the direct -orthogonal sum of root spaces n ǫ = {X ∈ n : [A, X] = ǫ(A)X, ∀A ∈ a}; if we denote by ǫ 1 , ..., ǫ r the (non-zero) roots whose root spaces are mapped into a by j, then r = dim a = rank s, and with proper labeling, all other roots are of the form 1 2 ǫ k , 1 2 (ǫ ℓ ± ǫ s ); 1 ≤ k ≤ r; 1 ≤ ℓ < s ≤ r (although some of them can be zero). It follows that dim R n ǫ k = 1 and we then denote by X k a -unitary generator of n ǫ k ; using the fact that [n ǫ ′ , n ǫ ′′ ] ⊂ n ǫ ′ +ǫ ′′ together with the orthogonality of the root spaces, one easily checks Lemma 3. If n 1 2 ǫr = 0, then the 2-form α, the -dual of X r ∧ jX r , is j-invariant and closed, i.e. for any X, Y, Z ∈ g
Under the hypothesis of Lemma 3 we may define on S (by translations) a left invariant closed (1,1)-form α and a J-invariant distribution R = span(X r , jX r ). It then follows that the (left-invariant) almost complex structureJ on S, defined byJ| R ⊥ = J R ⊥ andJ| R = −J R , where R ⊥ denotes theg-orthogonal complement of R, has closed fundamental form (equal to Ω − 2α, where Ω is the Kähler form ofg), i.e. (M,g,J) is an Einstein almost Kähler manifold. Note thatJ is not integrable, provided that s (equivalently D) is irreducible (see Lemma 1); by virtue of Corollary 1, we have also a family of left invariant Kähler metrics on S, whose Ricci tensor has two distinct negative eigenvalues.
It only remains the question of existence of irreducible Siegel domains satisfying the hypothesis of Lemma 3. Actually, non-symmetric examples can be found in each complex dimension greater than four, see [39, pp. 63-64] and [15, pp. 411-412] . But even more interestingly, they also exist amongst the classical (Hermitian) symmetric domains. Proof. Suppose that (M, g, J) is a Hermitian symmetric space of the noncompact type and denote by D one (of the many possible) realization of (M, J) as a Siegel domain (called in this case symmetric domain). It is well known that g is now the Bergman metric of D and the real dimensions of the root spaces n 1 2 ǫ k are all equal to 2m r (see e.g. [16, 40] ); in particular, the condition n 1 2 ǫr = 0 means that (M, g, J) admits a realization as a tube domain (see above). The complete list of the Hermitian symmetric spaces admitting a tube domain realization can be found for example in [40, pp. 114-118 ]. 2 Example 1. For giving explicit examples of symmetric strictly almost Kähler manifolds of any real dimension 2n, n ≥ 3, it is enough to notice that the irreducible Hermitian symmetric space M 2n = SO(2, n)/(SO(2) × SO(n)), n ≥ 3, admits a realization as a tube domain.
The two dimensional case -Proof of Theorem 2
From now on we assume that (M, g, J) is a Kähler surface with two distinct constant eigenvalues λ < µ. We note that in real four dimensions, an almost complex structureJ which commutes with J (and differs from ±J) induces the orientation opposite to that of (M, J); if we denote by M the smooth manifold M endowed with the opposite orientation, then, by Lemma 1, M carries a symplectic structure Ω. As a matter of fact, a way of rephrasing Lemma 1 is to say that Ω defines an indefinite Kähler metric on (M, J), meaning that Ω is J-invariant, non-degenerate and closed.
By Theorem 1 we can further assume λ < 0; in this case, using the same deformation trick as in the proof of Corollary 1, one can deform our metric to one whose Ricci tensor has constant eigenvalues λ < µ with λ + µ < 0.
The next lemma is a consequence from results of [38] and relies essentially on the Kodaira classification of compact complex surfaces (see e.g. [8] ), combined with the non-triviality of certain Seiberg-Witten invariants on the symplectic manifold M , cf. [44] .
Lemma 4. Let (M, g, J) be a compact Kähler surface whose Ricci tensor has two distinct constant eigenvalues λ < µ with λ + µ < 0. Then (M, g, J) satisfies one of the following:
(i) (M, J) a minimal ruled surface which is the projectivization of a holomorphic rank 2 vector bundle over a curve of genus at least 2 and λ < 0 < µ, or (ii) a minimal properly elliptic surface which is an elliptic fibration over a curve of genus at least 2 with no fibers of singular reduction and λ < µ = 0, or (iii) a minimal surface of general type with ample canonical bundle and with even and non-negative signature and λ < µ < 0.
Proof. We first recall that for any Kähler surface (M, g, J, Ω) of negative scalar curvature we have H 0 (M, K ⊗−m ) = 0, where K denotes the canonical bundle of (M, J) (cf. e.g. [50] ). J. Petean [38] classified the compact complex surfaces possibly admitting indefinite Kähler metrics; those of Kähler type which satisfy H 0 (M, K ⊗−m ) = 0 could be either the surfaces described in (i) & (ii), or minimal surfaces of general type with even and non-negative signature.
As for the signs of the eigenvalues λ, µ we recall that 1 2π ρ represents c 1 in H 2 (M, R) so that
where dV g = 1 2 Ω ∧ Ω is the volume form of (g, J, Ω). It is well known [8] that the complex surfaces described in (i) satisfy c 2 1 < 0, for those in (ii) we have c 2 1 = 0, while a minimal surface of general type satisfies c 2 1 (M ) > 0; since λ + µ < 0 we get the needed conclusions.
We complete the proof by observing that the minimal surfaces of general type appearing in (iii) have ample canonical bundle since ρ is a negative definite representative of c 1 . 2 Remark 4. Some minimal complex surfaces of general type with positive signature (which therefore admit no locally homogeneous structure) do admit indefinite Kähler metrics (cf. [26] , [6] ). Unfortunately, we do not know if they admit Kähler metrics with constant eigenvalues of the Ricci tensor.
Using a result of [29] and arguments from [4] and [2] we prove the integrability ofJ in the case when at least one of the constant eigenvalues is non-negative.
Lemma 5. Every compact Kähler surface (M, g, J) whose Ricci tensor has two distinct constant eigenvalues λ < µ with µ ≥ 0 is locally symmetric.
Proof. By Lemma 1, we must prove the integrability ofJ; according to Theorem 1 and Lemma 2, we may assume that the scalar curvature s = 2(λ + µ) is negative. Thus, we have to consider the two possibilities for (M, J) listed in Lemma 4, (i)&(ii).
(i) If (M, J) is a minimal ruled surface as in Lemma 4(i), then by a result of LeBrun [29] (M, g, J) is locally Hermitian symmetric. Alternatively, using (1), one can deform our Kähler metric g to one whose Ricci tensor has eigenvalues (−1, +1) (see Lemma 2), i.e. to a scalar-flat Kähler metric; the later is locally symmetric [7] , and so is then g.
(ii) Let (M, J) be a minimal properly elliptic surface. By Lemma 4, we have λ < µ = 0. Adopting the notations used in Sec. 2, E λ and E µ denote the corresponding eigenspaces of Ric and so on. We thus have that Ric is semi-negative definite and Ker(Ric) = E µ . From Lemma 4 (ii) we also know that (M, J) is an elliptic fibration over an irrational complex curve with no fibers of singular reduction. As observed for example in [4] , after replacing (M, J) with a finite cover if necessary, we may assume that (M, J) carries a non-vanishing holomorphic vector field X (acting by translations on the fibers). Now the Bochner-Lichnerowicz formula (cf. e.g. [9] ) shows that X belongs to E µ and that X is parallel with respect to the Levi-Civita connection of g; it follows that E µ is parallel and so is its orthogonal complement E λ . Since J is parallel by assumption, the almost complex structureJ defined in Lemma 1 must be parallel too. Thus (g,J ) is Kähler and (M, g) is locally symmetric, as observed in Lemma 1. 2
Let us now consider the case (iii) of Lemma 4. Lemma 6. A complex surface (M, J) carries a Kähler metric g with two distinct, negative, constant eigenvalues of the Ricci tensor if and only if there exists a Kähler-Einstein metric g on (M, J) of negative scalar curvature, which admits a compatible negative almost Kähler structureJ; moreover,J is integrable precisely when g (and g) is locally symmetric. If the manifold is assumed compact,J is integrable if and only if the signature of M is zero.
Proof. The first part of the lemma follows from Corollary 1; by Lemma 1 we conclude that the integrability ofJ is equivalent to g (hence also g) being locally symmetric, i.e. locally a product of two curves of distinct constant Gauss curvatures. In the compact case the signature of any such complex surface is zero and to complete the proof it remains to show that conversely, if the signature of M is zero, thenJ is necessarily integrable.
Suppose for contradiction that the signature of M is zero and thatJ is not integrable. It then follows by Lemma 1, Remark 1 and [19, Th. 2] that c 1 (M ) · [Ω] < 0. By a result of Taubes [45] we conclude that the Seiberg-Witten invariant (for the appropriate chamber) of the symplectic manifold (M , Ω) is non-zero so that, according to a result of Leung [30] , (M, J) is uniformized by a polydisk. From the uniqueness of the Kähler-Einstein metric [49] we conclude that g is locally a product metric and therefore changing the orientation on one of the factors defines a (locally product) Kähler structure ( g, J) on M ; it then follows for example by [3] thatJ coincides (up to sign) with J, i.e.J is integrable, a contradiction. 2 Remark 5. Claude LeBrun suggested to us an alternative way to see the connection with the Goldberg conjecture, as follows: Let (g, J) be a Kähler structure with Ricci tensor Ric g having two distinct negative eigenvalues. The metric g has constant central curvature, so considering the Kähler metric g = −Ric g , this has the same Ricci form as the metric g [31] . Thus ( g, J) is a Kähler-Einstein metric. Now it is not hard to see that the Kähler form of g is a harmonic form of constant length with respect to g; so will then be its anti-self-dual part which gives rise to a negative almost Kähler (Einstein) structure ( g,J ).
Proof of Theorem 2. Theorem 2 now follows from Theorem 1 and Lemmas 5 and 6.
